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1. INTRODUCTION 
Fuzzy sets were introduced by Zadeh [7] in 1965 and fuzzy groups by 
Rosenfeld [4] in 1971. Fuzzy groups were also considered by Anthony and 
Sherwood [I] in 1979 and in 1981 the theory was developed by Das [2]. 
As in the paper of Das [2] we also show how a fuzzy subgroup of a 
group G is determined by a chain of subgroups of G. However, we wish to 
point out that fuzzy subgroups are constructed in a way which is 
analogous to that of constructing certain length functions of G (Wilkens 
[S, 61). Thus in Section 3 we consider the theory of length functions and 
we show the connection between certain length functions and fuzzy sub- 
groups of a group. 
In Section 4 we apply the structural results of Section 3 on finite solvable 
groups and we gain a generalization of a theorem of Das [2]. 
Our notation is standard. However, we use the symbol e to denote the 
identity element of a group G and I denotes a real number. 
We start with a preliminary section where we briefly analyse the 
definition of a fuzzy subgroup given by Rosenfeld [4] (naturally we use 
this definition of a fuzzy subgroup throughout the paper). 
2. PRELIMINARIES 
Let G be a group. A fuzzy subset A of G is a fuzzy subgroup of G if 
(1) A(.x.v)>min(A(x), A(y)), 
(2) A(.u ‘)a A(x) for all x, LEG. 
Remark. Let G be a finite group. Then x and x -’ generate the same 
cyclic group, so x ’ = xn for some natural number n. If A is a fuzzy sub- 
group of G, then A(x ‘) = A(x”) >, A(x), so in this case (1) implies (2) in 
the definition given above. 
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For te [0, l] (tGA(e)), the set A,= {XEG 1 A(x)>t} is called a level 
subgroup of the fuzzy subgroup A. 
LEMMA 1.1 (Das [2, p. 265-j). Level subgroups of A are subgroups of G. 
3. LENGTH FUNCTIONS 
We begin with basic definitions (see, e.g., Wilkens [S, pp. 57, 581, also 
Wilkens [6, p. 4391). 
Let G be a group. A length function on G is a function I: G -+ R such that 
for all X, y, z E G: 
(I) f(e)=O, 
(2) 1(x l)=/(x), 
(3) u’(x, y) < d(.~, Z) implies U’(.Y. 2) = d(.u. y), where d(x, y) = (I(s) + 
I(y) - I(x.v ’ ))/2. 
Remark. Now I(x) B 0 for all x E G. 
We say that x E G is non-Archimedean if /(.x2) < I(X). If all the elements 
of G are non-Archimedean, then the length function I is also called non- 
Archimedean. 
We need the following two results (Wilkens [S, p. 601). 
LEMMA 3.1. Let G be a group with a non-Archimedean length 
function I, then l(xy) < max(l(x), I(y)) for all X, y E G. Furthermore, H, = 
{.Y E G 1 I(.u) d u} is u subgroup qf G ,for each a 2 0. 
THEOREM 3.1. Let I be a subset of [w, (the set qf nonnegative reals) con- 
taining 0 and let G he a group with subgroups {Hi}, i E I such that 
und 
i <,j implies Hi c H,. 
Then a non-Archimedean length function on G is defined by 
I(x)=inf{i 1 XE H,}. 
Remark. The latter part of Lemma 3.1 shows that the only non- 
Archimedean length functions are those given by Theorem 3.1. 
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Now we shall consider fuzzy subgroups of a group G. The following 
theorem is analogous to Theorem 3.1. 
THEOREM 3.2. Let I he a subset qf [0, l] and let G be a group with suh- 
groups { HiI, i E I such that 
and 
i>j implies H, c H,. 
Then u,fuz,-y subgroup qf G is defined by 
A(x)=sup{iIxEH,). 
Proof Let x,y~G and A(x)=m, A(y)=n. If A(xy)=sup 
(i 1 xy E Hi} < min(m, n), then there exists j such that x and y are elements 
of H, but xy is not an element of H,. Since H, is a subgroup of G, this is a 
contradiction and thus A(xy) > min(m, n). Clearly, ,4(x-‘) = A(x) and the 
proof is complete. 
Remark. By Lemma 1.1 all fuzzy subgroups of G are given by 
Theorem 3.2. 
Since Theorems 3.1 and 3.2 resemble each other to a high degree, it is 
clear that there is a connection between non-Archimedean length functions 
and fuzzy subgroups. We now prove 
THEOREM 3.3. Let G he group with a non-Archimedean length function I 
such that M = sup{ l(x) 1 x E G} E [w exists. Then 1 can be transformed into a 
,fuzzy subgroup qf G. Conversely, {f A is a fuzzy subgroup of G, then A can be 
transformed into a non-Archimedean length function on G. 
Proof First, we transform 1 into a fuzzy subgroup of G. We define a 
function A: G -+ [O, l] by 
A(x) = (M - l(x))/M. 
Now A(x-‘) = A(x) and by Lemma 3.1, A(xy) = (M - l(xy))/M 2 
(M - max(l(x), I( y)))/M = min((M - l(x))/M, (M - l( y))/M) = min 
(A(x), A(y)). Thus A is a fuzzy subgroup of G. 
Now we prove the converse result. Let A be a fuzzy subgroup of G. By 
Lemma 1.1 and Theorem 3.2, there exists a chain {Hi} (i E Z, I is a subset of 
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[0, 11) of subgroups of G with properties given in Theorem 3.2. Further- 
more, A(x) = sup{ i 1 x E Hi}. 
We define a chain {Kd) of subgroups of G by setting 
Kc,= K/q,.,- r = H, for every t E I. 
Thus G is a union of K,‘s and i < j implies Kj c K,. By Theorem 3.1, 
I(x) = inf{dJxEK,f = inf{A(r)-iIxEH,} = A(e)-sup{iI.xEH;} = 
A(e) - A(s) is a non-Archimedean length function on G. 
4. THE CHAIN OF LEVEL SUBGROUPS 
By the preceding section we know that a fuzzy subgroup A of a group G 
is defined with the aid of a chain of subgroups of G. We recall that the 
members of this chain are called level subgroups of A. If G is finite, then 
the number of level subgroups of a fuzzy subgroup of G is finite, too. In the 
following we denote the number of level subgroups by r(G) and we are 
interested in the maximum of r(G). We now prove 
THEOREM 4.1. Let G be a ,f’inite group which is solvable and let 
O(C) =p;” ‘p::” (the prime power decomposition of the order of G). Then 
maxr(G)=a, + ... +a,,+ I. 
Proof Since G is a finite solvable group, it follows that G has a com- 
position series 
{e}=N,cN,c ... cN,=G 
such that the factors N,/N, , (i = I,..., k) are of prime order (see Rose [ 3, 
Theorem 7.56, pp. 153, 1541). Thus k = a, + .. + a,, and since the sub- 
groups of the chain (N,) (i= O,..., k) can act as level subgroups it follows 
that maxr(G)=a, + ... +a,,+ 1. 
Remark. Since the class of finite solvable groups contains, e.g., the class 
of finite cyclic groups, Theorem 4.1 is a generalization of Theorem 3.4 of 
Das [Z]. 
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